Abstract. We show that all sign patterns of the coefficients of Hilbert polynomials of standard graded k-algebras are possible.
The purpose of this paper is to investigate which sign patterns of the coefficients of Hilbert polynomials of standard graded commutative k-algebras are possible. This was asked by Mark Haiman ( [2] ). In this paper, we give a complete answer to this question.
Let k be a field and R a finitely generated graded k-algebra. We call
the Hilbert function of R, where R i is the graded component of R of degree i. We say that a k-algebra R is standard if it can be finitely generated as a k-algebra by elements of R 1 . It is known that if R is standard, then there exist a polynomial P R (x) ∈ Q[x] and a positive integer N such that H(R; i) = P R (i) for all i ≥ N ( [3] ). We call P R (x) the Hilbert polynomial of a standard graded k-algebra R. We refer the readers to [4] for an introduction to the theory of standard graded k-algebras and Hilbert polynomials. Let f (x) be a Hilbert polynomial and d = deg(f (x)). The leading coefficient, that is, the coefficient of
On the other hand, other coefficients of f (x) are not necessarily positive. We recall that the sign function of a real number x is defined as follows:
In this paper, we show that all sign patterns of the coefficients of Hilbert polynomials are possible. In other words, given an integer d ≥ 1 and s ∈ {−1, 0, 1} d , there exists a Hilbert polynomial f (x) of degree d such that S(f (x)) = s. In order to prove this question, we consider when a polynomial f (x) ∈ Z[x] is a Hilbert polynomial. In fact, we will show the following theorem. (1) If N ≥ −2, then for any integer n ≥ 5d + 3,
This corollary says that all sign patterns of the coefficients of Hilbert polynomials are possible.
Before proving Theorem 1, we consider when a monomial f (x) ∈ Z[x] is a Hilbert. Now, we collect some results that will be used in the rest of this paper. 
This lemma gives some fundamental operations on polynomials that preserve the property of being Hilbert polynomials.
By using lemmas, we obtain the following proposition.
Proposition 5. Let d be a non-negative integer and t a positive integer. We set
is a Hilbert polynomial if and only if one of the followings is satisfied:
Proof. It is known that when Finally, we prove Theorem 1.
Proof of Theorem 1. It is easy to show that 2x+1 and 5x−5 are Hilbert polynomials. Hence, by Lemma 4 and Proposition 5, it follows that (5x−5)(dx
is also a Hilbert polynomial. Assume that N ≥ −2. Then we know that 5dx 
